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XXIV. Obfervations on the proper Method of 
calculating the Values of Reverfions depend- 
ing on Survivor/hips : By Richard Price, 
D. D. F. R. S. 



JieadMay 10, y4 LL queftions relating to the values 
I77 °' jljL of lives and reverfions, are at prefent 
of particular importance in this kingdom. Much 
bufinefs is continually tranfa&ed in this way; and 
any considerable errors in the method of folving fuch 
queftions muft in time produce very bad confequences. 
The defign of the following obfervations is, to point 
out a particular error, into which there is danger of 
falling, in finding the values of fuch reverfions as 
depend on furvivorfhips. In doing this, I (hall, in 
order to be as plain as pofllble, take the following 
cafe. 

cc A, aged 40, expe&s to come to the pofleflion 
" of an eftate, fhould he furvive'B, aged likewife 
c< 40. In thefe circumftances, he offers, in order to 
cc raife a prefent fum, to give fecurity for 40 /. perann. 
«* out of the eftate at his death, provided he fhould 
" get into pofleflion ; that is, provided he fhould fur- 
* f vive B. What is the fum that ought now to be 

" advanced 
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«' advanced to him in consideration of fuch fecurity,, 
" reckoning compound intereft at four per cent. V y 

M. de Moivre's dire&ions, in his treatife on an- 
nuities, prob, XVII. and XX. lead us to feek the re- 
quired fum in this cafe, by the following procefs. 

Find firft, the prefent fum A fhould receive for the 
reverfion of 40 /. per ann. for ever after his death, 
iuppofing it not dependent on his furviving Bi- — The 
prefent value of fuch a reverfion, is the value of 
the life fubtra&ed from the perpetuity*. The 
value of the life, taken from Mr. de Moivre's tables, 
is 13.2 years purchafe. This fubtra&ed from 25, 
the perpetuity, leaves 11.8, the value of the fup- 
pofed eftate after the life of A ; which value there- 
fore, is in money 472 /. But (as M. de Moivre 
obferves), the lender having a chance to lofe his 
money, a compenfation ought to be made to him 
for therifk he runs, which is founded on the poffibi- 
lity that a man of the age of 40 may not furvive another 
perfon of the fame age. This chance is an equal 
chance; and therefore half the preceding fum, or 
236/. is the fum which (hould be advanced now on 
the expectation mentioned. 

This folution carries a plaufible appearance ; and 
moft perfons will, probably, be ready to pronounce 
it right ; nor will this be any wonder, as fo great a 
mafter of thefe fubje&s as M. de Moivre, appears to 
have been milled by it. Nothing more is neceflary 
to prove it to be fallacious, than proceeding in the 
fame way to folve the following fimilar queition. 

" A, aged 40, offers to give fecurity for 40 /. per 
t€ ann. to be entered upon at his death, provided it 

* By Prob. XXVI. p. 293, of Mr. Simpfon's Sele& Exercifes. 

" fhould 
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tc .fliould happen before -the death of fi, aged like~ 
*< wife. 40. What fum (hould now be advanced tt> 
V him for fuch a reverfion, Intereft being Reckoned 
« at 4 per cent J 79 

In fblving this problem, agreeably to the method 
juft defcribed} we are to find the value of 40/. per 
ann. to be entered upon certainly at the death bf A r 
and then to multiply this value by the chance that A 
fhall not furvive B, or by|; and in this way the anfwer 
comes out the fame as that already given. Now, 
it may be eafily Cqcti that this muft be wrong, The 
value of a reverfion to be received when a perfon 
of a given age dies, cannot be the fame whether the 
condition of obtaining it is, that he ftiall die before* 
or that he ihall die after another perfon; that is* 
whether it is provided that a purchafer, if he fucceeds, 
ihall get into poflefllon fooner or later. The reverfion 
in the latter cafe muft, without doubt, be of lefs value 
than in the former. 

The firft queftion here propofed refolvei kfelf into^ 
the following general queft ion* *< What is the pre- 
" fent value of a given reverfionary fum or eftate, to 
u be received after the failure of two lives, provided 
" one in particular of them fhould be the longed 
"life?" 

Now, the prefent value of an eftate to be en- 
joyed for ever after the failure of the longeft of 
two lives* is the value of the longeft of the two 
lives fubtra&ed from the perpetuity. The value 
of the longeft of two lives is* it is well known, 
the value of the two joint lives fubtra&ed from the 
fum of the values of the two fingle lives. In the 
prefent cafe, therefore, .it is 9.82 (the value of two 

joint 
a 
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Joint lives of 40/. *) fubtnuSed from twice 13.2, (the 
value of a fingle life of 40) that is, 16*58 years 
purchafe. And this fubtrafted from 25 (the perpe- 
tuity) gives 8.42, which multiplied by 40 gives 
3 36.8 /. the value of the given eftate, were it certainly 
to be enjoyed after the extinction of the longeft of 
two lives both 40 ; that is, whether one or other of 
them failed laft. But that.A's life in particular 
fhpuld fail laft rather than B's, is an even chance. 
The true value of the reverfion, therefore, is 4. the 
laft value, or 168.4/. 

In like manner. The fecond queftion is the fame 
with the queftion. «« What is the prefent value of 
fc 40/. per arm. for ever, to be entered upon after the 
44 extinction of two joint lives both 40; that is, 
44 whenever either of them fhall fail, provided the 
4C firft that fails fhould happen to be A*s life in par- 
" ticular?" And the anfwer is found by fubtra&ing 
the prefent value of the two joint lives from the per- 
petuity, and multiplying the remainder by 4., or the 
chance that A in particular Ihall die firft 5 and this will 
give the required value, 303/. 

In fhort, it appears in both thefe cafes* that, ac- 
cording to the firft method of folution, we are to 
fubtraft from the perpetuity the value of one of the 
fingle lives, when, in the former cafe, the value of 

* The value of the two joint lives is here given on M. de 
Moivre's hypothefis of an equal decrement of life; and it has 
been calculated by a rule in Mr. Simpfon's treatife on the Doc- 
trine of Annuities and Reverfions, p. 16. M. de Moivre's rules, 
in the fecond and third problems of his treatife on annuities, 
give the values of joint lives fo much left than the truth, 
that they ought never to be ufed* 

the 
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the longejl of the two lives, and, in the tatter cafe,, 
the value of their joint continuance % ought in reality 
to be fubtra&ed. I need not fay what prodigious 
errors may often arife from hence, and how unfit 
fuch a method of folution is for practice. The Soci- 
ety in Nichoks-Lane, Lombard-ftreet, for equitable 
affurances on lives and furvivorfhips, have in conftarrt 
practice fuch queftions as thofe now ftated $ and, had 
they happened to have adopted this method of folu- 
tion, they could not have continued long an advantage 
to the publick. 

Mr. Simpfon, in p. 322. of his Select Exercifes* 
fpeaks on this fub}e<f% in the following manner. f < II 
< have been very particular on thefe kinds of pro- 
' blems* and the more fo, a& there has been no 

* method before published, that I know of, by which 
c they can be rightly determined. It is true, the 
€ manner of proceeding by firft finding the proba- 
c bility of furvivorfhip (which method is ufed in my 
'■ former work, and which a celebrated author has 
6 largely infifted on in three fuccefiive editions) may 
c be applied to good advantage when the given agos 

* are nearly equal ; but then it is certain, that this is 

* not a genuine way of going to work, and that the 
" conclufions hence derived are at beft but near ap~ 
u proximations." This accurate and excellent mathe- 
matician has here expreffed himfelf much too favour- 
ably, of the method of folution pn which I have re- 
marked. In both the cafes I have fpecified, the ages 
are equal ; and yet, in one of them the error is a 
good deal above a third of the true value, and in the 
other a fifth : And it is obvious, that in cafes where 
three equal lives are taken, the errors will be much 

greater.. 
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greater, Mr. Simpfon's obfervations in this paflage, 
are true only, when applied to a different method ufed 
by himfelf in the 28th and following problems of 
bis Treatife on the Do&rine of Annuities and Re- 
verfions. This method is exa& when the lives are 
equal -, but it gives refults that are too far from the 
truth, when there is any confiderable inequality be* 
t ween the lives. 

It is with reluctance I have made fome of thefe 
remarks, M, de Moivre has made very important 
improvements in this branch of fcience, and the 
higheft refped: is due to his name and authority. 
This, however, only renders thefe remarks more ne* 
ceffary *. 

* The ftrifl derhonftration of the folution I have given of the 
queftions here ftated, is as follows* It is plain that the pur- 
chafer of A's right, as dated in the firftqueftion, cannot get into 
pofleffion till the year when A and B fhall be both dead, nor 
then, unlefs A happens to die laft. Now, fuppofing the com- 
mon complement of life », the probability that A and B fhall 
be both dead at the end of the firft year, and A die laft, is 

n — 1 n — 1 n — r n — I n — i| T 

n n * * %n %n 2r f 

like manner, the probability that they fhall be both dead at the 
end of the fecond and third, &c. years, and A furvive, is \ — * 

n — 2 n — 2 n — 2i n — 3 n — 3 n — 31 

+ • ■ , j — -—*-.*- — . — 4. T % , &c. The 

prefent value, therefore, of trie ift, 2d, and 3d, &c. rents of 

, r n . I «— t n ~-l , n~~i) % 1 

the reverhonary eft ate, is - 1 \ -— — t 

j %r znr znr 2nr x r* zr 

> ■ % ■ n iii^ 

n — 2 n — 2 x n ~~ 2 i 1 *-■— 3 n — 3 » — y 

2*r* _ 2nr z+ 2»V "' > 2H a^r 5 " "a/Tr 7 2*V ' & °* 

r fignifying 1 /. increafed by its intereft fjr a year ; and.tjie 

cftate being i /. f>er annum. And the fum of theie terms is the 

Vou LX. N n la 
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In the pra&ice of affurances on the furvivorfliip 
of one life beyond another, there is frequent occafion 
For making fuch affurances, for a term of years only. 
The method of determining the value in fuch cafes 
I have not feen any where defcribed. Perhaps, there- 
fore, a brief account of it here may be of fome 
ufe. 

By reafoning in the fame manner with Mr. Simpfon, 
p. 322, Select Exercifes, it will appear, that the value 
of any given fum S affured, for n years on a given 

life A, provided in that time another given life B 

- -• — — *^ 

fliould furvive A, is - x — *4 — ^+— r> ^.(con- 
tinued to n terms) 4- - x ^.4- 2 ^> ^> &c - ( con - 

tinued likewife to n terms) r denoting 1 /. increafed 
by its intereft for one year ; and a and b> the numbers 
in the table of obfervations alive at the ages of A 
and B, divided by the quotient arifing from dividing 
the fum of the differences in the table from thefe 
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value required. But — -f — _ + — • , &c. is half trie per- 

III WW II H^ , 

, - . , - , n — 2 , n — 2 n — %V 

petuity : and |- — 4- V — — - 

J %nr inr %n l r %nr z 2nr 2» r 

#.—»<? ;7— - •*} n— — *? I 

4, 2^ . t—-^ &c. is half the value of the joint 

inr 6 2nr* %n r 

lives fubtra&ed from half the fum of the values of the two finale 

lives ; that is, half the value of the longeft of the two lives hy 

problem IV. of M. de Moivre's Treatife on Life Annuities. 

A fimilar demonflration may be eafily applied to the folution of 

the other queftion. 

The belt rules for finding, in all cafes, the values of reverfions 

depending on furvivorfliips, are Mr. Simpfon's, in his Sek6t 

Exercifes, p. 2.97, &c, 

ages 
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A— X 

ages refpeftively for n years, by n. Now -j~ 4- 
-r~, &c. (continued to n terms) is the value of an 
annuity on the given life B for n years. And —4- 

-jp,, &c. (continued to n terms) is the value of an 

annuity certain for n years, divided by zb* 

The general rule, therefore, is this. 

cc Find (by problem 23. in M. de Moivre's 
cc Treatife on Annuities, fourth edition) the value of 
" an annuity on the life of B for n years. To this 
" value add the quotient arifing from dividing by 2b, 
4C the value of an annuity certain for n years, taken 
" out of M. de Moivre's tables in the treatife juft 
" mentioned, or out of table III. in Mr. Simpfon's 

" Seledt Exercifes : and the fum multiplied by — • 

" will be the required value." 

Example. Let the rate of intereft be 3 per cent. 
or r=i.03. 

The table of obfervations, Mr. Simpfon's in his 
Select Exercifes, p. 2 C4. 

Let the age of A be feven years. B, 30. »= 1 4 and 
S=ioo/« 

The fum of the decrements in the table for four- 
teen years from feven years of age, is 73 5 which 
divided by 14 is 5.2. The number alive at feven is 
430; and this, divided by 5.2, gives 82.6 for the 
value of a. In like manner the value of b may be 
found to be 41.7. The value of an annuity for 14 
years on a life of 30, is 9.5. The value of an an- 
nuity certain for 14 years is 11.296, which divided 

N n 2 by 
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by %l or 83.4, gives 0,13 y and this added to 9,5, 

and the fum multiplied by -^-7 gives 1 1.66, or n /. 

13T. for the value in prefent payment of 100/. 
affured to a perfon 30 years of age, and payable to 
him at the death of a child {^ven years of age, pro- 
vided that fhould happen before his own death in 14 
years. 

It deferves to be particularly remarked, that in 
this method likewife may be determined, what fums 
ought to be paid on any furvivorfhip, within a given 
term of years, of one life beyond another, in con- 
sideration of any given fums now advanced. 

The following example of this is a cafe which has 
offered itfelf in pra&ice, and which I have had oc- 
casion particularly to confider. 

'«* A perfon aged 30, having in expectation an 
f < eftate which is to come to him, provided he fur- 
** vives a minor aged feven before he comes of 
u age, wants in thefe circumftances to raife 
" 1000/. What reverfion, depending on fuch a 

furvivorfhip, is a proper equivalent for this fum 
* now advanced, intereft being reckoned at 3 per cent* 

and the probabilities of life being fuppofed the fame 
" with thole in the London table of observations ?" 

Anfwer. It appears from what has been juft de- 
termined, that, for 11 L 135. now advanced, the 
proper equivalent in thefe circumftances is 100/. to 
be paid, in cafe the fuppofecT furvivorfhip fhouldtake 
place. By the rule of proportion, therefore, it will 
appear that for iooo/> the proper equivalent is 8576 /• 

XXV. Be 
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